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INTRODUCTION. 


‘The subject of the present paper is an enquiry into the 
nature of solutions of differential equations, chiefly: with reference 
to their geometrical interpretation, and the investigation of the 
connection that exists between the complete primitive and the 
singular solution. As the history of the subject shows, the 

ular solution was discovered by accident, and its relation 
with the complete primitive subsequently made out with the 
greatest difficulty and divergence of opinion by the mathemati- 
cians of the last and present centuries. In the following pages an 
attempt has been made to show how the singular solution might 
present. itself in the natural and logical course of studying the 
complete primitive, and an intermediate step has been supplied 
in the shape of derived geometrical particular solution, through 
which to pass from the complete primitive to the envelope sin- 
gular solution. 

‘The examination of the nature of solutions of differential 
‘equations has engaged the attention of the most eminent analysts 
from the end of the seventeenth century. Leibnitz, Taylor, and 
Clairut, by their scattered discussion of the solutions of various 
differential equations paved the way for Euler, whose famous 
** Paradoxes on Calcul Integral," published in 1756, is the earli- 
‘est distinct memoir on the subject of singular solutions of differ- 
ential equations. Laplace,’ Lagrange," and Cauchy! each formu- 
lated his own ideas relating to the nature of singular solutions, 
and laid down his formulw (in no case faultless and free from 
error), for finding, and criteria for distinguishing them. Profes 
sor De Morgan.* after careful examination, adopted Lagrange's 
results in a slightly modified form, " expressing, however, only 

le, 






a qualified confidence in his method.'" whose extra- 
o logical talent adds special value to all his mathe. 
1 di Паг solu- 
ect. The 

laid down 








in а brief memoir by Cayley! and illustrated by Glaisher,* and 
developed and elaborated in two remarkable papers by Work- 
man" and Miss Maddison. "The writings of Mukhopadhyay! on 
the subject of differential equation throw much important light 
оп the nature of solutions of such equations. 

It may be here mentioned that Miss Maddison has prefixed 
to her paper above referred to a complete bibliography of the 
subject, which is invaluable to those who desire to enter into 
the study of this interesting branch of mathematics, historically 
or otherwise. 





vol. il (872). pp. 6-12. 
vol. xii (1882), рр. 1-14. 

‘Mixed Mathematics, vol. xxii (1887). 
Mixed Mathematics. vol, xxvii (1896). 
у of Bengal, vol. Ivi, part ii. 1887, 
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^ Discussion of the Nature of Solu- 
tions of Differential Equations of the 
First Order. 


— 


Article т. 


A differential equation of the fist order is a relation 
between z, y and ا‎ Any relation between z and y is said 
to be a solution of the equation when, on differentiation and 
algebraical transformations with the help of the original relation 


it leads to the same value of @# as the given differential 


equation. 
A differential equation of the first order is also capable of a 
geometrical interpretation. If ж and y are the abeissa and 


ordinate of any point on a curve, 2 gives the direction of the 
curve at that point. A differential equation of the first order 
Wane. y) accordingly gives a direction for every point in the 


co-ordinate plane. And а point would be deseribing a curve 
according to the differential equation if at any point on the 
lane the direction of the curve is that which is given by the 
ifferential equation. 
Such a curve described according to the differential equation. 
may be called a geometrical solution of the differential equation. 
In contradistinction, any functional relation between z and y 


leading to the same value of x эл the differential equation 


may be called an analytical solution. When acurveis a geometri- 
cal solution of a differential equation, and the equation of the 
curve in z and у isfound to bean analytical solution of it, then the 
curve andits equation may besaid to constitute а perfect solution 
of the differential equation. On the other hand when there is & 
geometrical solution without a corresponding relation between = 
‘and y satisfying the differential equation, or an analytical solu- 
tion without a corresponding locus which is a geometrical solu- 








tion of the differential equation, then these may be said to be 
imperfect solutions. 

Тһе fact that every curve which may be drawn is not 
‘necessarily one which is capable of being represented by an 
equation, as also the fact that every equation in x and y (eg., 
One containing imaginary quantities) has not a corresponding 
graph. make the existence of imperfect solutions possible, 

‘Thus we know that the differential equation of the first 


order para y) is not always integrable. Hence the analy- 


tical solution cannot be always arrived at. But as the differen- 
tial equation gives a direction for every point in the co-ordinate 
plane, any number of geometrical solutions can be very easily 
Constructed. These, however, will be imperfect solutions, since 
there are no corresponding analytical solution of the equation. 


т d 
For instance z- +2577 is an equation, the analytical 


solution of which cannot be found. But a geometrical solution 
is easily constructed and found to consist of two infinite semi- 
branches in opposite quadrants (Fig. 1), touching the 





Fio. 1. 


axis of z at the origin which i a point of inflection (not 3- 
pointic necessarily) on the curve. 
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Imperfect geometrical solutions of a totally different kind will 
be discussed more fully later on in this paper. Again, take the 
differential equation. 
duy 6 
(Zao. : 


of this iw clearly y=iz or у=-#к. But we 
these imperfect analytical solutions inasmuch as there 
аго no со: nding geometrical solutions to these. 

Illustrations of perfect solutions are unnecessary, because 
they occur most frequently in the study of differential equations. 





Article 2. 


If а differential equation of the first order is linear and 
rational there is one value of 2 for any values of xand y and сопе 


sequently one set of valuesfor T, TY, etc. Theequation accord- 


ingly represents a system of curves which do not out one another. 
For if two curves of the system cut one another at a point there 


would be two values of уу at that point corresponding to the 
directions of the two curves, contrary tothe suppositions of the 
сане, 

Neither can two curves of the system represented by а 
rational and linear differential equation of the first order have 
contact of any order with one another. For the condition 
that two curves may have a contact of the »^ order with one 


another, is, that the differential coefficient of y up to xt may 


be equal for the two curves at the point, but the higher differential 
coefficients are unequal. Sincein the case of the equation con- 


sidored at present, there is but one set of values for 77. gya ٥. 


however far we may proceed, it is clear that a point moving ac- 
cording to the equation cannot represent a. of curves two 
of which have a contact of the n“ order with one another, how- 
ever large т may be. For that would require that 





4 


eto., will have two different values at the point, contrary to the 
nature of equations considered. 

A rational linear differential equation of the fist order 
accordingly represents а of curves no two of which have 
ж common point. A point would be moving according to the 
differential equation only if it described one of these curves. 
At any point thers is but one way to go, and passage from one 
carve of the system to another is impossible. The complete 
solution therefore consists of a singly infinite system of curves, 
the analytical equivalent of which is an equation containing one 
arbitrary constant. 

Illustrations are given below in figures 2, 3 and 4. The 
entire system of curves taken collectively may be said to be the 





arbitrary 
E — 
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complete primitive—no new geometrical solutions can be 
gvalved by taking different parts of the different particular solu- 
ions. 

Thus in any of the annexed figures 2, 3 or 4, it would be 
found impossible to form a continuous line by taking different. 
parts from different curves of the system. If a point ms 
along one of these curves passes to the next, then that part of its 
path by which it passes from one curve to another is not des- 
cribed in accordance with the differential equation. The curve 
traced by the point, consisting of different parts of the two 
curves, is accordingly not a geometrical solution. The system of 
complete primitive as traced, therefore, embraces all possible 
olutions of the equation. In the phraseology employed in this 
per hereafter there are no derived geometrical solutions of this. 
class of differential equations. 











Article 3. 


We now proceed to consider the case of differential equa- 

tions of the first order which are not of the first we 

shall first take up such of these equations of higher degrees which 

are resolvable into two or more linear and rational equations. 
We shall commence with the simplest example, 





dy‏ _ رب 
(а xb) *ab-0.‏ ) 
"This immediately resolves thus—‏ 


-o)(dt-1) 01 


In the first it is clear that if a point moves so as always 
to satisfy cither of the component equations 





S) -a-o Gi), 97 ъ=0( x 
its motion would bein accordance with the whole equation 
(i) asit stands. So that if we trace the corres PES 
sented (ii) and (iii), all the curves contained in we be 
pre particular solutions of (i). Also at any point (i) gives. 
two and only two values of jE; and these correspond to the direc- 


tions! curves of the systems (ii) and (iii) passing 
Me kN du ال سر ساس دسا‎ riri net er 7 
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and (ili) are also solutions of (i), so on the other at any point on 
the plane the elementa of the curve-system re ted by (i, 
are none else than the elements of the curves of the two subsidiary 
aystems passing through that point. 


ius in а way the two curve systems represented by (ii) and 
(iii) may be said to constitute the geometrical complete primitive 
of (i), and this is true in this sense, that if a point is to move in 
the co-ordinate plane according to the dictates of equation (i) it 
must be at every instant describing some portion of a curve 
belonging to either of the subsidiary systems. It cannot move 


in a curve not included in (ii) or for then F4 would not be 


given by equation (i). But it does not follow by any means in 
this case, as it followed in the last article, that if a point begins 
to move say in a particular curve of jt must always 
continue to move in that curve. For 
non-intersecting system and 
to the contiguous curve of sys 
of motion dictated by that differential equation, all that equation 
(i) requires is that the point should always move either in a curve 
үстүү чү Жр (ii) or in one belonging to (iii). And the moving 
point is free to leave at any instant thecurve of system (ii) which 
it has been hitherto describing, and turn to the curve of system 
(ili), which passes through ita position for the time being. 
‘Thus in our present case the systems (ii) and (iii) are systems 
of straight lines represented respectively by the equations 
у=ах+ (ii)! 
ym br k; (їй)! 
where è, and k, are arbitrary constants. But that ія not the 
only way in which we may take several rectilinear elements in 
lution of (i). И we draw any line at 
random, only taking care that every part of it is reotilinear and 

















line at random we draw it by systematically 
length in one direction, then a certain in 
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Now S,, S,, S, are as good geometrical complete primitivs 
of (i) ав the systems (ii! and (ui) taken together hich ме 
will call 8). The same elements are embraced by all of them = 


“the order in which they are taken is only different. Yet this 


difference is essential and exceedingly important. For when 
we speak of а system of curves it is the form of an individual 
curve that chie 






‘Thus we see that if we have a differential equation of the 
first order, but not of the first degree, which is resolvable into 
linear equations, the geometrical complete primitives of all the 
component equations taken together form a geometrical complete 
primitive of the original differential equation. But thi 
the only G.C.P. An infinite number of other G.C.P.'s 
сап be formed by taking different parts out of the different 
curves forming the first geometric complete primitive. It will be 
convenient to call the first G.C.P. obtained by solving the com- 
ponent equations the fundamental G.C.P., whereas all others 
may be distinguished as derived G.C.P.'« of the differential 
equation. 

"The question whether systems of derived G.C.P.'s, such aaS,, 
8,, S,, eto., are expressible by functional relations between z and y 
involving arbitrary constants will be discussed in the next article. 
But it may be here stated that if they be expressible analytically 
they wor stand in exactly the same relation to the original 
differential equation as the fundamental G.C.P., S. In fact the 
fundamental G.C.P. would correspond to the complete primitive 
in the equation of finite differences, whereas derived G.C.P.'s 
848), S, S, would correspond to indirect integrala. And just as 
the Indirect integrale of an equation of finite differences aro noth- 
ing bat complete primitives of the original diflerence eq 
transformed in some way, so we expect in the case of 
differential equations the derived G.C.P-'s to come out аа funda- 
mental G.C P-'s if in each case the differential equation is trann- 
formed in а suitable way before the process of integration is 
commenced. ‘The interesting subject of tracing an analogy 
between the solutions of di ‘and differential equations 
will be taken up for fuller treatment later on. 

We add a few more illustration of the fact that а resoluble 
equation of the first order, but of a higher degree, basan infini 
number of geometrical Complete p Whether these 
G.C.P.’s are perfect, weshall in the next article. But it 
may be well to state here (a4 will be shown in the last section) that 
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ifinstead of dealing with continuous curves we deal with point 
series, the points in a series following one another, however closely, 
solutions like those shown in the Bgure can be expressed by 
unetional relations between U, and x, and аге accordingly perfect. 





Fra, 6. 
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Cte) 
2. fundamental G.C.P. 


+ y= Veiroles E 
у =т=} str. lines 


k and эп being arbitrary constants. 
Two derived G.C.P.'s are shewn in the two quadrants. 




















12 
; 2 
} Н — 
— = 
ا‎ 
ا‎ 
S 
U 
Fio. 7. 


E 
mora 


i} {arte — 


Fundamental G.O.P. consists of two curve systems, wis, 
concentric conics 
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Mode of forming derived geometrical solutions illustrated. 





Article 4. 


,. In the last article wesaw that a resoluble differential equa- 
tion of the first order bas an infinite number of geometrical com- 
plete primitives, and consequently a doubly infinite system of 
geometrical particular solutions. Of these we have as yet seen 
the analytical equivalents of only one G.C.P. (viz, the funda- 
mental one), and the infinite number of G.P-S."s contained in it. 
We shall now proceed to examine whether any of the derived 
.C.1's or derived G.P.S.'« am capable of equational represon- 
tation in the ordinary system of cartesian co-ordinates, and in 
this connection we have slightly to touch upon the subjeot of 
analytical representation of geometrical 
In the first place we nak ourselves the broad and important 
question—if we draw any curve at random, ix there necessarily 
an equation for it? A little consideration will show that the 
answer to this question must be in the negative. An equation 
implies that the curve should be described according to а fixed 
law, and unless we had in view а law or fixed principle relating 
to the succession of points on the curve at the time of ita descrip: 
tion, no equation can be found for it. Nor can it be maintained 
that given a curve, we are given the positions of the succemsive 
ints and hence alto the law according to which the points 
follow one another, For to be given a point on the curve 
another following it is not to be given the law according to wh 




















oint moves, but «imply a condition which that law must 
satisfy. Hence to be given a finite portion of an irregularly 
escribe curve is to be given an infinite number of pointa 


following one another arbitrarily ; and this means that an infinite 
number of conditions ix imposed upon the law according to 
which the moving point describes the curve. If the law is 
expressed as an equation, in any system of co-ordinates, every 
condition in the law means an independent constant. Hence 
whether we attempt to represent the curve b; 
ог intrinsic equation, in every case we 
inde t constants introduced, and the equation comes to 
E 








If all curves which we can draw cannot be represented by 
equations, it seems natural that carves, which are capable of 
equational representation, should have peculiar properties of 
their own. And one of the most important of these properties 
which will be useful in discussing the question of equational 
representation of derived G.C.P.'s of stint equations is 
enunciated in the following ~ 
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Proposition, —И portions of arcs, however «mall, of two 
‘curves, representable by equations, absolutely coincide, they 
must coincide throughout the entire Eth of one of them. а 

Tt should be carefully noted that by а portion of arc of a 
curve is meant a continuous length of ita arc сома! 
finite number of point» If two curves have with 
contact of the n^ order, then however large n may be, the curves 
have only а finite number, vis., т +1 points 
finite number of points can never give a continuou 
wach curves cannot be said to have a portion of are com- 
with one another. The difference between contact and 
coincidence of are ik more easily ptible from the figure 
уеп below, If two curves, A and В, meet in P and wo draw PAL 
he ordinate, take MN a small length and draw a parallel to ۶۲ 

curves in Q. Q', then if the curv 
































Wierean И tho curves, coins 
through any length, however small, at P, Q Q' i» absolutely 
Sero, ая in the onse of the two lines to the left. 





^ 
ув 
Р q 
М Р 
* MN MN 
Fio. 7(4). 

let у= and y=/(z) be the uations of 
سے ا‎ Via сендә with ре another Im the point 


маънан is rors 9t) + feo. 
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м № 
prora 


and Жа + А) = fio) + fah "(aj + &с. 


Jf A is loss than b—a, we have, since the curves coincide, 





(еба) — [()) (9^ (0) — (a) jh + (ра) — ("ay — 


which for convenience we write 


Ay+ Aht AK AI &о =0. (A) 


Now the left-hand side of (A) is an expression such that, 
when A ig indefinitely «mall the different terma of it aro of different 





up to al, 5e, le than A 
and 14 in consequence infinitely smaller than any of the 
preceding terme. Hence we see that the sum of a series like 
(A) in whieh terms cannot destroy each other, absolutely vanish 
unless cach term ix separately equal to xero. Hence Ay, Ay Ase 
&o., vanish separately, „ Ка) = pa), Га) = via), Fla) = #" (a) 
&o., na far ая wo like. 

Hence f(a + А) and ¢(a +h) are identical, whatever A may 
bo, ġe., the curves coincide throughout. 

From this proposition we can easily pass to another whieh 
has a direct bearing on the subject of our atudy. It may be 
— thus o" 

s(x, у, a) =0 represents в family of curves, а being a 
variable parametar, then no equation can be obtained for a curve 
which contains aa ita parta portions of are, however small, from 
ап infinite number of curves of the system. 

For И possible let f(x,y) = © be a curve which has as its parts 
portions of aros of an infinite number of curves of the system 
(x, у, a). Then by the previous ition f(xy) coincides 
ea —— of the ува 
But this is impossible. Hence there can be no such equation 
ns (x, у) =0 for the curve in question. 

Tt should be carefully observed that the last theorem proves 
to be analytically unrepresentable such derived curves of the sys- 
tem as contain portions of arcs from an infinite. number of curves. 
© thenvatem. Bat if ws can form a continuous curve by taking 
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not continuous lengths of aroa but a finite number (2 or З or n)! 
of points on each, that curve may be expressible by an equati 
Such a curve may be one which touches every curve of the 
system or has contact of a higher order with every one of then 
In fact the envelope of the system is a curve of this description, 
And we know it to be analytically expressible 





Article s. 


We am now in a position to examine whether any of the 
infinite number of derived G.C.P,'# or GPS a of the class of 











Joab solus 
number of 





representation, 
to examine i» whether 








1 A curve formed point on each of the curves consti 

وپ wi ot‏ یں میں سر یش یں 
solution of equation i‏ 
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In one sense, however, an envelope arn be formed in such a 
саве, For if we start from any point A, go up to the next point. 
B, along a line of system (i), come down tor, the next point by aline 
‘of system (iii), and so on, we get а curve which i» made up of two 
consecutive points taken from each curve of the «ystem, and in 
therefore in one sense an envelope of the system, But this ourve 
belongs to а class of curves which we cannot study analytically 

‘perhaps not even geometrically. For it is а sinuous curve, the 
direction of the curve abruptly changing at every succesive 
point; and hence though it does not at all differ in appearance 
to the eye from the nodal locus passing through AC . . . it is 
altogether a different curve. Indeed the two curves, wir, the 
envelope and the nodal line, are at every point indefinitely close to 
one another, but the directions of the two curves are in no place 
identical. "Thus if we are considering properties which involve 
only the values of co-ordinates of points on а curve, the equation of 
the nodal line can be taken to be the equation of the sinuous en- 
velope. But the equation will belong to the latter locus only as 
relation between the al a and ordinate of a point on it. "he 
ordina geometry and the Differential and. 
Totes. ng the directional properties, and 
those relating to curvature, ote., of a curve from Ия equation, will 
not at all be applicable in this case, This will be more clearly 
apparent from the following consideration relating to the ordinary 


study of curves. 


















Fio. $ 


A "curve is looked upon a» a series of points arranged con- 
secutively.. Now in discussing properties of tangency and 
curvature both analytically and geometrically, it i» alwa, 
assumed that the curve joins any two consecutive points in the 
most direct way, wis, by а right line. ‘This assumption must be at 
the root of allstudies relating to curves. Forif we remember that 
we may join two given points in an infinite number of was 

+ unimaginably vast must be the number of curves 
E 











connect an infinite number of given consecutive points! And 
же would not know if a locus which appears to the eye as the 
Tight line XY is in reality the locus which it appears to be 
оғ the limit of a sinuous curve like А or B or any other. With 











such uncertainty attaching to the real nature of a curve the 
study of curves becomes impossible from a geometrical point of 
view; and much more would it be impossible to study suci 





curves analytically, f 
which is 


„and auch 





we cannot imagi 


a function of x 
tually discontinuous for 


values of the variable, 











F4 required to be in the case of such sinuous curves 
undor consideration. 
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Fio, 9. 





If then by acurve we mean a curve in the ordinary geometri- 
cal and analytical sense of the term we may assort what we have 
said already, that there cannot be a curve touching all the members 
of а system of curves consisting of two or more non-intersecting 
sub-systems. 

hus it follows that all such derived geometrical solutions مہ‎ 
can be formed in the caso of resoluble differential equations of 
the first order are incapable of analytical representation, and 
consequently the fundamental solutions are the only ones which 
are perfect solutions from every point of view. Such an equa- 
tion accordingly has one perfect C.P. and an infinite number 
of particular solutions constituting it. 








Article 6. 


We shall now proceed to consider the case of those differen- 
tial equations of the first order which are not resoluble into two 
or more rational and linear equations such as were considered 
in Art.2. We shall find it convenient to study this class of 
‘equations by comparing them with the class of resolvable equa- 
tions considered in Arts. 3-5 and examining how far the property 
of being resolvable affects the nature of geometrical and jonl 
solutions. We shall find as we proceed that so far as the 
method of solution the analogy is complete and the process adopted = 
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ing resolvable equations is perfectly applicable to irresol- 
vable equations as well. As regards the geometrical representation 
we shall find that the analogy may be pushed, and we may look 
upon the geometrical loci represented by irresolvable equations as 
several systems of non-intersecting curves, as in the case of resol- 
vable equations ; though it must be noticed that this is neither the 
simplest nor the most convenient view of the thing. But it ia 
as regards the analytical representation of derived geometrical 
solutions that the difference will be striking. For whereas we 
found all derived G.P.S.'s of resolvable equations unrepresent- 
able, one derived G.P.5. of an irresolvable equation may fro- 
quently be represented by an equatio: 
In the first place we turn to the method of solution, The 
method of solving resolvable equations is to solve the сопу t 
linear and rational equations and multiply up the solutions 
After replacing the arbitrary constant in each Ьу the same 
symbol. Exactly the same method is applicable to equation 
irresolvable into real linear and rational components. For if 
we resolve much an equation into factors, not minding the irra- 
tionals or imaginaries that occur, and then deal with these factors 
exactly as we do with linear real and rational factors, we get the 
solution of the equation, though of course in many cases there 
may exist a simpler and shorter method of arriving at it. We 

shall illustrate this fact with one or two examples. Р 
® Take the equation ғр? = Зур + 4х =0 (i). Rearranging the 


terms thus yore? æ (ii) we observe t 























the equation ix in 





Clairaut^s form. Accordingly differentiating, 


dp 

ہر 

0 de 

A P WLILIT a 


p 2 dp, 3 
«(6-0-2 8-9). 
Hence neglecting the factor p'—4, which does not lead to а 
complete primitive, we have 

2- © or poer fii). 
Substituting for p from (iii) in (îî) we get the solution 

dz yer + dre 0,‏ ہے 
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or neglecting ж = 0 which is not a solution 


2 2 
پ2 مھ è‏ 
0-3( 

=e (y-0) (iv) 


since cis an arbitrary constant. 
This is the complete primitive. Now if we had resolved 
@) into two component equations, and solved the irrational 
component equations separately, then the solutions obtained 
hen molti tog together, after the arbitrary constanta in both 





by the same symbol, would lead to (iv) exactly 
Thus xp" — yp + =0 

Solving * хр=у+ Vy. 

Put у= 0 

then (о) VETI 


eva VT 


i onec 
— — 


Taking the positive sign and integrating 
serae )مو‎ 
Gen Mou 


VOCE 
which may be put in the form 


ey Lan 
— Men AT constant 
— — 


ew ne se 


iive ign of the radical in (v) we 
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The solution then ought to be 
(ye + y AP) ус 49) =0 
Le. (y— c) — y + 4x*—0 Р 
———— 


وی 5ن 
air 2)‏ — 
=с1у-6‏ 


as we got in the previous method of solution. 
To take another example— 


(ай —a*) خر‎ ryp = ا‎ ے٥‎ (ell. 
‘This is also in Clairaut' form when put in the form 
= 
== 






atp 
toa complete primitive 
ince it involves no arbitrary constant, we get poer (vih: 
substituting which in (vi) we get, after easy بن ےہ اف‎ the 


= — سی ای اس 
VI GN‏ ا E‏ 





T Bia avr ита) 


Gs 3662 





+ xî =0 which cane. 





Let zta =2* so that ada = dr 
аг 
у= Е (FT) 
чу = dx (ys FTF), 
Pot ye ez. 
de — 
Then (vex Т) == (we wl 
dr de 
ای یف‎ 
Now taking the upper sign, 
ex vea, d 


"ef En 
velat at) n ye v free 
sino ¢ ia arbitrary: — gr 
With the other sign we get 
nyt Fa. 











Hence the solution is 
M Фф. —— Я 
-žey- a 

hic gree with the solution ibtained by the first method. 
“Tha theorem which we have С vo illustrate above 


—— нека у es follows — —— 
—— TERCIO EE =o, 


0 








eh سے رہ‎ fe&ec0 
then if the differential equation be put in the form 
Гр Фи (ж, 3)) Ip (ж, an) << (р Фа E 








and the complete primitive in the form 
{е- /, (=, y (e— و(‎ (ж.м)... le— f 


DELU 
where dı, $y, eto., and fı, fs, ete., are any functions rational or 
irrational, real or imaginary of x add y, then each of the equations 








c—f, (=, 0) =0, e-f, (х,у) =0 &c. 
are the complete primitives of the corresponding equations 
— P—? (xy)=0, p-e (т, y) =0 &o. 

' have illustrated the above theorem for equations of the 
the second degree; for we have exemplified that the complete 
primitive of such an equation is obtained by multiplying up 
the complete primitives of the two component equations- 
Indeed, the solution of a quadratic being a imple абат, this 
method of splitting up the differential equation into two or more 

sequations, even if they are irrational or imaginary, is frequently 
lopted in practice, 

In many oases this is the only method available for the 
solution of the equation. For example take the equation 
py! con! а — 2pry sina + y — 2 sin" ө =0 (i). 

‘To find the complete primitive of this equation we have to solve 
it as а quadratic in p, and it will then be found that the two 
component equations, though irrational, come under the bead of 
homogeneous equations and are easily solable. But the equation 
(D ал a whole Чейев solution by any other method. 


Thus p= zy sin's Dy 











= xcin'a + VF si a соата ا‎ 


۵ یم‎ O (B) & (C) 
Let ym ux. Then 








a 


Lot sinta — v* costa = E costa 
ke., tanta—e = & or ede — die 


аре аши TERE +0 = 
dh cosa 
77 Feosarl so 
=- 7 v- وم ٹب‎ 
= -log (b conn + 1) +C ^r 








Similarly if we take the lower sign in (A) we would get 
DE dea y vast a dad. 
Multiplying up the solutions of the component equations 
we got 


(1.— e) — (î sine —yleoata) =0 
> ie., at — Sex + cha ninta + yî conta =0 
= ke, 2 gio 2e secar + c 0۔0‎ 
Putting a new constant Ё for c seca we get 
a y! be + W costa =0, 

which i the complete primitive of the original equation in ita 
simplest form. 

‘But in the case of equations of the third and higher degrees 
the algebraical solutions of wich are long and cumbrows, the 
truth of the анса in less apparent as the transformations 


e man its ingle ee Sar‏ سا 
shall sccordingly give one —8*‏ 
to equations of higher degrees, and then‏ 
ساوت دم سرت سی 
ph 4 xyp + Sy' 0.‏ 


If we solve it in the ordinary way we get the complete primitive 
yere. 
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1f we try to solve the differential equati obio in 
then adopting the usual notation | — — 


3 H—-—4zy.. H = —$ xy and g=8y 
Ире VY A+ VB 
A= 3 -sy угу ар) =4у (игу) 
ВАв HTT may (yv SX) 
ре aM oy = یر ر‎ 
(-9- Fe. 
Again if we put the complete primitive as à cubic in e it standa 
سام 2 .شی‎ + ст ر‎ =O. 
Again adopting the usual notation we find in this case 
а^ Ld 2 








Pre Dex 
دپی ہم‎ S. +و۔ ۔ ے2 کے‎ wy 


Hence کا‎ r= E Yas VE 
Aeg y ید‎ AT Ry} 
20 Bai lv e n) 
and c= sal» PET 


— 
Ilr⸗ PSP ery} ie 
The question now is whether (ii) l4 a solution of (i), er, 
whether the уййне of 54 ЧУ obtained by differentiating (ii) ix iden- 


sti рм girr Ok, differentiate (ii) immediately a» it 


stands, the expression for 4% will become но long and oumbrous 
that it would be exceedingly iroublesome, if nt all possible, to 





26 
identify it with the value given by (i). 


Hence it i» useful to per- 
form some transformations prior to differentiation which will 
_ make the operations simpler. 


If we notice that 





(gy e APT FEY) = 27 у, ahy Dy PY 
پڑت سے‎ - а AT уау) 


we noo that, 





es). — 
M EE 
vetu Cv rr n) 


+(- -"- vi sw) і 
-y u -у+ IT WES) + (yT 
ени ML y + ITE! + (-»- ET REY) 
ml- + y T ARM. (C-y ye! 
=R} + RÎ say (їй 

















Now if we — the equation (ši) thus transformed 
wo easily got the value of 4% given by (0. 
"Thus differentiating @ we get 


oci | cate (Ж-ге) } 

E tf -wciE-ec(- =)} 
*: ši -y(r +R )eri(e a} 
аттен) 





Multiplying both sides by yiyì Ry? 


А we مد‎ (п-в) . 
Cyn кїў «n + ун) 


_ arum! hy} 
Ry! + yb — Ry 





“RTF 

кї, въ ROR 

„istant ر اء‎ 
RFRA 





o + ey 


= yy A= Ready ru AERE) 
the same value as is given by differential equation 
It ix evident that if instead of starting with (ii) ہت‎ 








ont rst oe 
оле мт)! 
we started with another component equation of the cubic 
رس وہ‎ OR 
lye TET 
e l= ge ev FET м 


we would arrive at а value of 57 YY ois — 


al oye FEY E SANI سے‎ — 
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which is a second value of S given by original ditlerentiai 
equation of the third degree, wiz., تو‎ — 4гур + Sy! —0. 
Similarly the third component of the cubic complete primi- 


tive would lead to the third value of / given by the original 


differential equation. 

Thus the general theorem enunciated before is verified 
for the particular cubic equation chosen. 

We shall now proceed to give а general proof of the theorem. 


By hypothesis [c— f, (y) е — foin). - -- te Ла) =O 
is an equation such that if it is differentiated with respect to ж 
and the c eliminant formed, the result ix 
(poe (p — 9 ry) dp 9429). 


"We have to show that if ¢—/(ry)=0 is differentiated 
with respect to x and the е eliminant formed, the result. will be 
p Gy) =0, and во for all other factors, 

Wo are given the equation 





-he-t e-l) © 
and we are given that if this relation subsista between æ and y 
4Y io given by the equation 
[p—eGyl)tp — 9. yn. (p 7 e) =O (iil. 
Now it is clear that if (i) i» satisfied by being equal to 


dM 0; iE фу ie natialied by © 








Hence since (i) is natinied by e being equal to either ا(‎ 
or fy etes jE must be given by one of the equations 


dj, dh du 
a ШЖ dico 


=” 


ЖОЛ ; 
th, о i 











dr‏ وا 
lr | 79‏ 
7 


Hence this equation must be identical with 
Гр oyp- $ oy) - . Гр oly) = 


and hence we get that the differentiation of / =4, 6س۸‎ ete. 
given the respective differential equations 


P= fy) =O, p—$.(zy) >0, ote., 
whioh is the thing sought to be proved. 








Article 7. 


We now proceed to consider the question of geometrical 
interpretation of irresoluble differential equations of the first 
order and their complete primitives. We have seen that a 
resolvable equation of the m^ degree representa a compound 
symtom of curves consisting of n sub-systems, each of these 
latter being such that the curves composing it do not meet 
one another. We will now point out the analogies and contrasts 
between resolvable and irrexolvable equations in this respect. 
‘Take for instance the equation 


pry? costa — 3pzy sina + yî — =o (A) 


which has already been discussed as regards the method of 
solution only in the previous article. We have seen that the 
complete primitive of this equation is x* + y! — سا2‎ + kt costa =0 
(1) when kis an arbitrary constant, and thin represents a system 
bf circles having their centres on the axis of x and enveloped 
by the two straight lines z= +tan » x, И we take any point 
on the plane and substitute its co-ordinates in (i) we get 
two values of k, which determines two curves of the m of 
circles passing through this point. Thus looked at from thia 
mt ol view this irresolublo differential equation of the second 
jegree does not represent two separate sul non- 
intersecting curves, as a resoluble equation represent, but 
опе eyatem only, which iw such that two curves belonging to 
it pass through à given point. 
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But there is another poin 
of curves represented by 





of view from which the system 
y be looked at. We have seen 
that we can solve (A) by splitting up into two equations linear 
in p and then solving them independently. In fact the equation 
(A) is equivalent to two equations, viz. — 











ke. х—Ёсоба= تو ہے‎ 


K di) 






Хоз theequation (A) were a resolvable one, the differential 
equations B and C, or their complete primitives (i) and (iii) 
Would represent systems of non-intersecting curves and the 
equation itself would represent the compound system formed of 
the two subsidiary systema. Let us wee if the same will hold 
in tbe case of this irresolvable equation also. For this it is 
only. névessery to examine the geometrical equivalents of equa- 
tions (i) 





equation Gr — 2 cos 
loci together. But this latter equation, ал we have seon, 
presents for a particular value of E, 
Widance k from the origin on the axis of x, and which touches 
the two lines y= tan ar, Hence the equations (ii) and (ii) 
Tepresent different parts of this circle. Ава it iw evident 
that (ii) represents that portion of the circle for which سے‎ kcost« 
tive value, and that (i) representa that portion for 
‘costs iw negative. Now if M, M^ be the points where 
the enveloping lines y= tan « meets the circle, and И MAN 
meets the axis of xin K, then it is evident that OK = Ecos'o, and. 
for the portion of the circle to the right of MM”, x— keos a is 
positive, whereas for that portion which is to the left of MA 
Tie expression z—Ecow is essentially а negative quantity 











ar 


‘Thus we come to the conclusion. that the entire quadratic (i) 
representa the whole circle, and its two component equations, 

and (ii) taken together, represents the same thing. But 
equation (ii) alone resents the portion MBM", and the equa- 
tion (iii) the portion MAM” 














Fre. 10, 






Now if in equation (iii) instead of considering & مہ‎ a fixed. 
vonstant we consider it to be arbitrary, the equation would re- 
present а system of such circular arcs ал MAM". It will be seon 
busily by an attentive examination 
of arca may be described as a non-intersecting one, 
members of which do not intersect one anotl 
(il) & being considered 
ares like MBM’, and this 

"The fact that (ii) and (iil) represent non-intersecting systems 
also follows easily from an inspection of the differential equations 
of which they are solutions, vis., equations (В) and (C), above 


any point hax got a single value, and just aa in ti 
کے‎ Ponaidered it Art. $, the curve systems repre: 


of the first order whieh 
сағ ones, seem at the 












Similarly in 
lem of circular 























Hence though differential 
are not — into rational and li 
first sight to represent one system of curves, two or more of which 
рана through any point and not two or more distinct non-inter- 
Mecting systems, we may in one sense affirm that they do represent 
two or more systems of non-intersecting curves or rather parts of 
curves ted by rational equations. : 

We shall give one or two other examples. Take for instance: 
the equation rp" — Зур + 4x = 0 already considered in Art.6. The 
solution of the equation is зї =c(y —c) which represents a system 
of ‘bolas having the axis of у ая axis and touching the 
Straight lines y= 2r. The solutions of the component equa- 
TF. and accordingly one of the equa- 








tions are y—20= +07 
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Sons in б) represente the portion of the curve for which у — 2c is 
positive, and the other for which y— 2c is negative. Now 2c is 
the distance at^vhich the polar of the origin with respect to the 
meets the axis of y. Hence the two equations represent 
non-intersecting systems as shown in the figures 11, 12 and 13, 

















še Fio. I1. 
ial tion + 0-0 
سس ا یں‎ о وف‎ 














Fio. 12. 
Differential equation хра уму 427 
Complete primitive у سا مھ‎ — ZR. s 








Fra. 13. 
Differential equation жр=у+ FZ. +, 





Complete primitive y—2e= + = 
7 
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Take another example (хї—а'ур'—9жур-з*—0. This 
equation has been already solved in p. The complete primitive 
ihe Boy + کو‎ x =O, which being put in the form 


کی وإ مدد 





shows that if c be a fixed constant the curve represented 
in a parabola having the axis of y for ita аца Шей 
arbitrary equation represents a ucl 
enveloped by the circle а? + y! aî =0. Ye solutions of the com: 
t equation, as has been seen, is y+o= + € y — a. 
Ene ot these, then, represents thai part of the curre for 
which y +e i» positive; the other that part for which yc ix 
negative. Now where the parabola с? + 2cy +a*—x*=0, and 
circle z* + у? а* =0 touch one another, y+¢=0. Hence above 
this point у + € must be of one sign, below this point of another 
sign. Hence the two non-intersecting systems represented b, 
the whole equation may be shown as in the figures 14, 15 and 16, 
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‘Thus it ix clear that jf we have an irresolvable differential 
equation of the first order and second degree, the complete 
primitive of it represents a system of curves such that two of 
them pass through one point. But by dividing each curve into 
two parts in a systematic way we can divide up the system of 
curves into two non-intersecting systema, and these correspond 
to each of the two component equations of the differential 
equations and their complete primitives exactly as in the case 
of resolvable equations. 

The generalization of this theorem for equations of higher 
degree in р is difficult. On the one hand we have seen that 
An equation of the wh degree in p can be resolved into n 
linear equations in p if we do not mind introducing irrational 
And imaginary quantities, and that to each of these component 
equations of the differential equations correspond a com: 
po ‘of the complete prim "The geometrical equivalent. 
‘of a linear equation in p or ite complete primitive being a 
system of nomintersecting curves, we see that the system of 
curves represented by the differential equation of the n^ degree 
of its complete primitive though at first appearing ax oye entire 
кузет of curves such that » of them passes through any point 
in the plane, may be looked upon, by dividing each curve into n 
рете, ns made up of » subceysteme of curves, eaoh of which in 
Itself is non-ntemecting- But on the other hand the algebraical 
solution of cubles end equations of higher degree almont always 
introduces imaginary quantities, and this introduction of unreal 
magnitudes is a great obstacle in the way of clearly understand- 
ing the geometrical equivalent of each component of the differen- 
tial equation. Thus in the case of the cubic p>—dayp+ Ву! б 
(0 we have found out the three component linear equations in р 
and their respective solutions. But though the system of curves 
represented by (i) and it» complete primitive ix perfectly 
determined, we cannot find out on what principle each curve 
ot the «yalem is to be divided into three parts such that we 
m Three sub-systems of non-intersecting curves correspo 
Шыу the component equations. Bat this much i» certain, (hat 
if all the three component equations Aawe any geometrical 
equivalent, soma such method of dividing each curve must 
exist, But the question whether each component equation has 
fa corresponding geometrical curve system has not yet been fully, 
treated, and we are to leave the question at this stage 
at t, not doubting that ita fuller and more detailed in- 
— will lead to important results, 
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Article 8. 


Singular Solutions. 





Having seen in the two previous articles that in the method 
of solution no distinction need be made between resolvable and 
irresolvable equations, and that the analogy between these two 

lasses of equations may be pushed even as regards their geomet- 

а] interpretation, wa proceed to consider а paint in which the 
analogy completely breaks down. We saw in Art. 6 that ifthe 
complete primitive of a differential equation consista of one 
system of non-intersecting curves we can ordinarily form no 

jorived geometrical solution by taking a finite number of 
pointa on each of them: and if we have two or more such 
systems there can be no auch derived cure in the ordinary 
sense of the term. The reason of the latter fact was not that 
a derived curve could not be conceived, but that when 
formed it turned ont to be a curve such that ita direction 
varied abruptly from one value to another at all points on itm 
curve the study of which was impracticable from geomet- 
rical as well as from an analytical point of view. In the present 
бале of irrenolvable equations, however, passage from a curve of 
one system to a curve of another need not necessarily mean a 
sudden change of direction, for different parts of the same con- 

huous curves are members of the two systema. Accordingly 
in thi» case, though the complete primitive consi án one 
sense, of wystems of non-intersecting curves, a derived geo- 
metrical solution of the nature of envelope can be formed. 

Tn Art. 5 it was seen that of all the derived geometrical par- 
ticular solutions of a non-linear differential equation of the first 
order, the envelope of the system of curves forming the geomet 

‘can be found, ія the only one that can 
be represented by an equation. From this singular property 
which it possesses among all the derived geometrical particular 
kolutiona, the name singular solution given to it i» eminently 
approp: at the envelope 
singular solution. ix novel, the one that 


complete p 

tion is Т 

solutions constructed in а 
а finite number of poini 
it turns out on examination 
Тунсаһу expressible. 
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A closer examination of the peculiar circumstances under 
which a system of curves consisting of non-intersecting sub- 
systems is seen to have an envelope in the preceding 
— may be interesting. Take the case discussed in 

, the case of a system of circles enveloped by two 
intersecting right lines (Fig. 17). The way to look upon this 














In the first place we ask, are these lines envelopes of tho * 
curves in fig. 19! The answer must be in the negative whether 


we look at the question from the geometrical or the analytical 
point of view. Geometrically O4, ОВ are not en beatae 


velopes 
an envelope is defined as the locus of ultimate points of interseo- 
tion of the consecutive curves of a system, and this particular 


o 


Fro. 18. 


syntem of curves is nonintersecting. Analytically, the equation 
‘of the curve syatem is, ая we have seen 


a A Paint a уг cost = k cost « 
and the-ordinary process (wiz, differentiation on elimination 


e findi Лоре lead to no 
ff the arbitrary constant) of finding an ештене مم‎ taen 


w 
* constitution of the system. Similarly in fig. 18 we see that 
the lines OA, OB are not the envelopes of the system of curves 
in the ordinary sense of the term. 
But yet the lines envelope the system of circles taken as a 
whole, that is, the system of curves consisting of the two systems. 





each of which taken separately is not, as we have seen, enveloped 
by it. From а careful examination of the figuros ٥۰ 0 


o 





Fro. 19. 


D 1 realize how, though successive 
— — ig) do not Intersect, those af aystem. tam (in da 
t, and give rise to an enve 


те curves in fig. (19) are not EI 
ped by OA, OB, r we mk pee OAs OA, 0! 
те the 


EEG sim tr ae 





“ 


tive. 
the 









tions of the system of curves in (18). 
Wo will now turn back to what was stated in Art, 2 It 

was there said that if a differential equation represented a non 
intersecting xystem of curves a point could not from one 
‘curve of the system to another in accordance with the differential 
equation unless under exceptional circumstances, Now cases 
like the one above discussed axe the exceptional cases referred 
to there ; for in that case we have a non-intersecting curve system. 
and the point describing the lines AO, OB passes through ай 
cessive curves of the ayatem, but still ite motion ix alwı 















ential equation. 

We proved in Art. 4 that a derived geometrical particular 
solution in order to be perfect (fe, analytically expressible) 
must consist of a finite number of points taken out of each funda- 
mental ometrical doular solution. And since tha direction. 
Of the derived particular solution must be identical with that 
of the fundamental G.P.S. from which that point is taken, two 

inta must at least be in general taken from every fundamental 
БОРК Тогай the portect derived GPS. In the present 
caso, however, we see that the perfect derived G.P.S. is made 
up of one point only on each of the fundamental geometrical 
particular solutions of the differential equation. 

From what has been stated above it is clear that a differen- 
tial equation may have a singular solution, though its geometri- 
‘cal complete primitive may be a non-intersecting curve system, 
And consequently not have an envelope defined ал the locus of 
Ultimate intersection. ‘The singular solution must, however, 
alwi coincide in direction with some member or other of the 

МЕ "and hence instead of saying that the singular solution 
i» the envelope of the G.C.P. we prefer to call that. it is the 
contact-curve of the G.C.P., £c, the curve whieh touches all 
members of the G.C.P. á 


In the above cases the equations were irrational ; but the 
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di 
For example take the equation уу =log ж +1 the solutio 





of which is y = x log +e. 

‘Thin represents a series of suddenly stopping curves, each of 
which touches the axis of y in a point d'arret. Accordingly 
2 — 0 is a singular solution of the differential equation though it is 

velape of the system ot complete primitives (fig. 20). 


— 














Fio. 20. 


Article 9. . 
Analogy with Equations of Finite Differences. 

Just ал а differential equation of the first order is a relation 

Wetween 2. у and 3%, ao & difference equation of the first order 
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may be defined as а relation between z, u, and àw,- Any re- 
lation between and u, is said to be a solution of the difference 
equation when on 4 being performed it leads to the same value 
of a w, with the help of the original relation between x and 
зи. as is given by the difference equation. 

A difference equation, like a differential equation, is capable 
of geometrical interpret Suppose we take any point z. tr. 
Then the difference equation gives a value of s u, and we get the 
next point, whose co-ordinates are 

















(m+ au 
rell or. 





Using these values again in the difference equation we get 
a value of 3w,., and we get to the next point whose со- 
ordinates are x After r such operations we get at 
ч, And we see that if we start with any 
point plane we get an infinite series of points ая the 
geometrical representation of the difference equation. 

Any of these series of points ix such that passage from one 
point to the consecutive point iwin accordance with the dictates 
of the difference equation. Any such point series may be called 
а geometrical solution of the difference equation, and in contra- 
distinction a functional rel between ж and w, leading to the 
same value of à u, ая the given difference equation may be 
valled an analytical solution. 

If a difference equation is linear, and if there is no ambiguity 
of sign in any term, there у one value of д м, for a given 
value of rand u, and one set of values for 3 uy, a?u,, ote. 
Accordingly it represents a system of pointseries such that no 
two of them have one or more points common. For the eo-ordi- 
nates of the n points of a series commencing with x, u, being 
Eel, ری یم‎ r2, een Clo, up tore 3 1, u, 
that is red, wet ди, 
чуй дм, + at 
+Bau+šaču + atm, 
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ya 
zan-l, u*(n—1). Aw, + so 70٤+, 


the condition that » point of one point series may be identical 
with » points of any other point series and not more, is that 
Xl And جا‎ successive differences up to »— 1" will be equal 
each to each, as given by the equations in the two series, but the 
Subsequent differences are unequal. Thus in figure (21) the 


three point series A, B and C have two points P and Q, common 
to each other. Then whether we represent them by functional 
equations, б.е. relations between ж and u, or by difference equa 





pi. series Il, ри. serios А 
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tions, , relations between and w, and au, the values of 
Manda ke for the point P obtained from the equations 
SE (A). UB) and (C) must be the same, but su, and the higher 








the point ۶۰ obtained from A and B, must be thesame; 
and higher differences will be different. — 
From the above it ia clear that the system of point-series 
‘of the frst order 
of them Wave one or 
mon to one another. For, if possible, let two of 
‘common point. Then since the same equation 
he two series the value of air, a*u., etc, up to 
both И the serien 














have one 
there are 
is represented by a linear 








erence equation of the 
Now if, a» is usual calculus of finite differences, 
posed to have unit increments, an equation between x and м, 
representa a single point series. А singly infinite system of point 

by an equation in х and 
Now we have seen that 
n int series such that each of 
in described according to the directions of a given difference 














there is а sin 
the 











would be the analytical complete primitive. 
‘As in the corresponding case of differential equations the 
solutions included in the G.C.P. are the only 
Zeometrical solutions of the equation, no solution can be framed 
ing different parts of different point series. For а point 
‘diflorence equation can only 
trace one of these point series, it can never pass from one 











the difference equation. 

Next suppose the difference equation to be rational and 
of the first order, but not of the first degree, eg., let it be 
(ам, 0) (à ر۷‎ b) 0. 7 

"hen on taking the component equation au,—a=0 it is 
at once seen that the geometrical solution of the equation is а 
series of equidistant points arranged in a right 
becomes evident on solving the equation. For if ма, а= маа 








wegetu,cXpeccar + с (iJ, and if the co-ordinates of any 


number of points satisfy (i) it is evident that they are 

midistant pointe situated on lines of the system ye c. 
Similarly point series along any line of the system y= bz +c 
‘are also solutions. And following the employed in 
the case of differential equations we may wpon the geo- 
— solutions of the component equations taken together 


as the fundamental G. C. P. of the original compound 
equation. 

"The question which we now naturally ask is whether there 
are any derived ©. S. in thiscase. And on referring to the figure 
it will be found that exactly the same facility existe in this 
case for the formation of derived geometrical particular solu- 
tions and С. C. P.'e in this case as in the corresponding case 
of differential equations. Thus we may be proceeding along 
any of the fundamental G.S.'s, but at any moment may turn 
to another fundamental G.S., and then again change our course 
after a time and so on, thus describing a point system which 
is not in itself a fundamental ., but every element of which 
is а part of xome fundamental G. 

in the case of differential equations corresponding 
to the class of difference equations now under consideration, we 
found that none of the infinite number of derived G. C. P^» or 
derived G. P. S.'s were capable of analytical representation, and 
we naturally ask whether the same is true in this case also; In 
Other words we will enquire whether any of the point series and 
systems of point series in figure (5) are capable of being repre- 
sented by equations. 

For instance take the system S, in that figure. Suppose the 
the point system bewins in r, an odd integer. 























value of x from wh 


+ "Then the point system is seen to be formed thus: at each odd value 


of x, A u, =a, while corresponding to every even value of x, à u, = b, 
ie, we may put in general for the difference equation of the 


point neries a, + Ети (71/7 and solving. this we 


find for the functional equation of the system of point xorica 


ЫН‏ یئا ہے 








‘Thus we find that the nn of derived ©. m Р. "y s 

in capable of analytical representation. This is a very 
до Dubie кош of difference between the. differential and 
difference equations of the class considered. Whereas no derived 


G. C. P. of (@--)(@-*) =0 in analytically expressible, 


ived G. C. P's of (aw, —a) (a u, —b)=0 
hiss cae an pty represented by equations in the funda- 
mental G. C. P'a. 
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Here wo observe that when- 





=r o aw та | ==г+3 au, =a 

zer+l am, =a | r=r+4 aus =a. 
z=r+2 سے‎ =b | عیب مع‎ ам, =b 

and жо on in order. This curve will be analytical ronsible: 

M we can find a periodical functional expression for à dz in ED 

of a, b, x and r. In this сало such а function would be 


Leer eld peculatus سے‎ - 2 
- + 











su = 
3 ag 3 
prem 
+ 3 a 


If thin difference equation be solved we get the 
the entire system of point series represented in figure ( 
equation (A) may be written, 
Bau, = (2a eb) etta tet e a o 
ertt a + dr a, 












Bu, = (2a + bye + 


mud 
= (Ba e Dye ila + d+ sa) + устр {а + wt + wet. 


Generally speaking we know that if there аге » quantities 
and if these recur in any cyclical order, then a. 
be found by using the w" roota of unity, which 
nasamo each of these values ın succession ал x passes through a 
series of vales increasing by unity. For if مہ‎ A, y ete. are then 
St] ey ee in 
if x=» or a multiple of n, and ix equal to zero, if x ix any other 
quantity, And hence if the expression (i) is represented by 
Р... the expression 
Panra, +. Para a, سس ڈگ‎ аук. + Par lye 
ie th ion we want. For evidently when رم سج‎ E = a, 
Mise PIT Tmt eo on ший when مھ سے کہ‎ 
Дана when =r * n + 1 the value is а, for a second time, and жо 
“On oyelically as x increases continually. 











roots of unity the expresei to айну 


















Hence if in fig. (i) any point system is constructed in whieh 
for the values of 3 u, at successive points are a and b arranged 
in any eyclio order, however complicated, that point »ystem will 
be capable of an analytical representation, and will accordingly 
be a perfect solution of the difference equation, Thus for 
stance suppose we have a point series, Ше д ме of whi 
cessive points arc— 
aabbbaabbbaabbhbh ete, 












ме may put 
Su, = Pear as Pero tat Paor- + Pur 3h + Paw ea 
whore Р». - etc. are expressed in terms of the fifth roots of unity. 








In short all С. P. S' which are repeating in their character (the 
portion which repeats being howsoever large and irregular), 
and all G. C. P's which are madeof systems of such repeating 
point m have equational equivalents of the form ам illus 
ема before, and are accordingly perfect solutions of the diffe: 
ence equation. 

YE we want to further discuss whether any more of the geometri- 
cal solutions of the difference equation are perfect solutions, we 
awe at once drawn into blems of theory of fun pure 
and simple. Given any С. В. we can write out the values which 
‘St, has in it at auccessive values of x. We thus get а serie of 
4's and b's following one another, If wecan find a function such 
that as 3 рахым through successive values differing by unity 
this function assumes the anecesive values of aw, in question, 
then we know that the G, 8. ія an analytical solution also, But 
Hf such a function cannot be found the G. 8. will be an imper. 
fect solution. 

What we have said with respect to the simple resolüble 

—b)=0 applies equally well to any 
дауи, (10 ам, —fal Me) 0. The 
that the fundamental G, S. will 
hot be equidistant points arranged along right lines, but irregular. 
point systema arranged along complicated ourves, 











